Via the BGG-correspondence a simplicial complex ∆ on [n] is transformed into a complex of coherent sheavesL(∆) on the projective space P n−1 . In general we compute the support of each of its cohomology sheaves.
Introduction
A simplicial complex ∆ on {1, . . . , n} corresponds to a monomial ideal in the exterior algebra. Via the BGG-correspondence such an ideal transforms to a complex of coherent sheavesL(∆) on the projective space P n−1 . In a recent paper, [9] , J.E.Vatne and the author studied when the BGGcorrespondence applied to a simplicial complex ∆ gives rise to a complex L(∆) with at most one non-zero cohomology sheaf S(∆). We showed that this happens exactly when the Alexander dual ∆ * is a Cohen-Macaulay simplicial complex. We then singled out a particularly nice class of coherent sheaves, the locally Cohen-Macaulay sheaves and asked when S(∆) belonged to this class. This turned out to happen when both ∆ and ∆ * are Cohen-Macaulay.
In this paper we study this further in several directions. Firstly we develop in Section 3 criteria for telling which cohomology sheaves ofL(∆) are nonzero and if so, what their support is. We also describe the multigraded Hilbert functions of these cohomology sheaves.
Secondly, we again single out nice classes of coherent sheaves and ask when a simplicial complex ∆ is such that S(∆) is in such a class. This time we consider the class of coherent sheaves Sh a which can occur as a'th syzygy sheaf in a locally free resolution of a coherent sheaf. Thus when a is 1 we have the torsion free sheaves, when a is 2 the reflexive sheaves and when a is n − 1 the vector bundles. In Section 4 we consider the class L a of simplicial complexes ∆ such that S(∆) is in Sh a , giving us a "hierarchy" L = L 0 ⊇ L 1 ⊇ · · · of simplicial complexes. Note that L is the class of Alexander duals of Cohen-Macaulay simplicial complexes. There turns out to be nice, compact criteria for membership in the classes L a and when taking restrictions and links of a ∆ in L a these are predictably in L a and L a−1 respectively. (Via Alexander duals this generalizes the fact that the link of a Cohen-Macaulay simplicial complex is Cohen-Macaulay.)
The three most important invariants of a simplicial complex ∆ is n, its dimension d − 1 and c, the largest integer such that all c-sets are in ∆. Via certain nice additional properties which one may put on sheaves in Sh a we further single out a particular nice subclass of L a . When a is 0 this turns out to be the class studied in [9] , the bi-Cohen-Macaulay simplicial complexes. When a is c, the maximal interesting value for a, it turns out that we get exactly the Steiner systems S(c, d, n). In general for each a, the simplicial complexes of this nice subclass of L a will have f -vectors depending only on c, d and n.
Now taking Alexander duals of the classes L a we get in Section 5 a "hierarchy" of Cohen-Macaulay simplicial complexes CM = CM 0 ⊇ CM 1 ⊇ · · · . For instance the ∆ in CM a of dimension one, i.e. graphs, are the a + 1connected graphs. After translating some of the results for the classes L a to the classes CM a we consider the subclass of CM consisting of Gorenstein* simplicial complexes ∆. We show that this class corresponds exactly to the subclass of CM 1 with H d−1 (∆) = k. This is the class of Cohen-Macaulay simplicial complexes ∆ such that S(∆ * ) is a torsion free rank one coherent sheaf. Moreover this sheaf may be naturally identified with the associated coherent sheaf of the ideal defining the Stanley-Reisner ring of ∆ * .
Having described the contents of Sections 3,4 and 5 we inform that Section 1 contains preliminaries and techniques for dealing with simplicial complexes and Section 2 describes the BGG-correspondence and the classes of coherent sheaves we single out for study, namely the classes of sheaves which can be a'th syzygy sheaves in a locally free resolution.
Simplicial complexes.
Denote by [n] the set of integers {1, . . . , n}. A simplicial complex ∆ on [n] is a family of subsets of [n] such that if Y ⊆ X ⊆ [n] and X is in ∆ then Y is in ∆.
1.1. Notions. We recall some notions for simplicial complexes. An element in ∆ is called a face of ∆, and a maximal face is a facet. If d is the maximal cardinality of a face of ∆, the dimension of ∆ is d − 1. If c is the largest integer such that all c-sets in [n] are in ∆, we call c − 1 the frame dimension of ∆.
The Alexander dual simplicial complex ∆ * is the simplicial complex on [n] consisting of all F in [n] such that the complement F c = [n]\F is not in ∆. Let d * − 1 and c * − 1 be the dimension and maximal complete skeleton dimiension of ∆ * . It is easily seen that n = d + c * + 1, n = d * + c + 1. Now we introduce the following notation. Let R ∪ S ∪ T be a partition of [n] and let
1.2.
Homology. Let V be a vector space over a field k with basis e 1 , . . . , e n and E = E(V ) the exterior algebra ⊕ n 0 ∧ i V . Let W = V * be the dual space with dual basis x 1 , . . . , x n . Consider the monomials e i 1 · · · e ir in E such that {i 1 , . . . , i r } is not in ∆. They form a basis for an ideal I ∆ in E.
Dualizing the inclusion I ∆ ⊆ E we get an exact sequence of E-modules
where C ∆ is the kernel. A basis for C ∆ consist of all monomials x i 1 · · · x ir such that {i 1 , . . . , i r } are in ∆. Left multiplication with u = e 1 +e 2 +· · ·+e n gives a differential d on C ∆ and the reduced homology of ∆ is defined by (W has degree −1)
Note that via the isomorphism of E-modules between E(V ) and E(W )(−n), the ideal I ∆ gets identified with the submodule C ∆ * (−n) of E(W )(−n). We therefore get an exact sequence
Proof. Since the differential on E(W ) is acyclic we get from (2)
The following seems to be a basic kind of general deduction from this type of exact sequence.
All of these just follow from the exact sequence
, by running long exact cohomology sequences. Notation 1.5. We shall usually write ∆ S,T −R for ∆ S,T [n]\R (in which case R = S ∪ T ). Often we shall also drop the T and write this simply as ∆ S −R . In general when Y is a set we shall use the lower case letter y to denote the cardinality of Y . For instance given ∆ S −R then r and s will be the cardinalities of R and S respectively. 
This is so since otherwise we would get
) and e) follow by reducing S, respectively T , to the empty set.
1.4. Leray and Cohen-Macaulay simplicial complexes. For an integer e, a simplicial complex ∆ is called e-Leray, [12, p.12] , if H p (∆ R ) = 0 for all p ≥ e and subsets R of [n]. Motivated by this we make the following definition.
The class of Leray and Cohen-Macaulay simplicial complexes are now seen to be Alexander dual.
Proof. By Lemmata 1.1 and 1.2
The condition that p ≥ c is equivalent to n − 3 − p ≤ d * − 2 and so we get the statement.
The BGG-correspondence and a hierarchiy of coherent sheaves
Recall that W = V * is the dual space of V and let S = S(W ) be the symemtric algebra on W . If M = ⊕ i∈Z M i is a graded module over E we can form the complex
with differential given by
Sheafifying this we get a complex of coherent sheaves
on the projective space P n−1 . This, in short, is the BGG-correspondence between graded modules over the exterior algebra and complexes of coherent sheaves on P n−1 , originally from [3] . Our main reference for this will be [7] .
Let us give som properties of this correspondence. 
Restriction to linear subspaces. Let
where L ′ is the corresponding functor for E(V ′ )-modules.
2.2.
Duals of complexes. Now we consider ∧ n W to be a module over E in degree −n. Let M ∨ = Hom k (M, ∧ n W ). Then we have canonically
Sheafifying this, note that the canonical sheaf ω P n−1 naturally identifies with the sheafification of S(−n) ⊗ k ∧ n W , we get
In particular if the only nonzero cohomology ofL(M ) is F = H −aL (M ), a coherent sheaf, we see that 
we have, due to [8] ,
In particular, if F = H 0L (M ) is the only non-zero cohomology
This is what will be needed about the BGG-correspondence. Now we turn to describing some classes of coherent sheaves.
2.4.
A hierarchy of coherent sheaves.
such that F is the kernel of d −a+2 . Now let Sh = Sh 0 be the category of all coherent sheaves on P n−1 . For a ≥ 1 let Sh a be the full subcategory of Sh consisting of the sheaves which can occur as an a'th syzygy sheaves. There is then a filtration into "nicer and nicer" classes of coherent sheaves
Note that Sh 1 are the torsion free sheaves, Sh 2 are the reflexive sheaves, i.e. sheaves F such that the natural map F → F ∨∨ is an isomorphism (here F ∨ is Hom O P n−1 (F, ω P n−1 )), and Sh n−1 are the vector bundles. Proposition 2.2. F is in Sh a if and only if the codimension of the support of Ext i O P n−1 (F, ω P n−1 ) is greater or equal to i + a for all i > 0.
Proof. If F is in Sh a , then with the notation in (6), Ext i (F, ω P n−1 ) is equal to Ext i+a (M, ω P n−1 ) for i > 0 and the statement follows by [5, 20.9] . For later use note the following.
Fact. If F is a coherent sheaf with support in codimenison r, then the sheaf Ext i (F, ω P n−1 ) has codimension r when i = r and is zero when 0 < i < r. This follows for instance from [5, 18.4 ] and its proof. Now assume Ext i (F, ω P n−1 ) has codimension greater or equal to i + a for i ≥ 1. If a ≥ 1 it follows from the above fact that F cannot have a torsion subsheaf, and so F is in Sh 1 . Now let a ≥ 2. Since F is in Sh 1 , there is an exact sequence
where P is the cokernel. Let 1 + r be the codimension of P. Since any torsion free sheaf is locally free outside a codimension 2 subset, 1 + r is ≥ 2. Now we get a long exact sequence
Hence if P is non-zero, that is F is not in Sh 2 , then Ext r (F, ω P n−1 ) has codimension 1 + r, which is against our assumption. Hence P is zero and so F is in Sh 2 . Now we look at the situation when a ≥ 3. We know then that F is reflexive. Let F ← E 0 ← · · · ← E m be a locally free resolution of F. Dualizing we get
This follows easily by breaking the complex E · into short exact sequences and using the fact noted above. If we take a locally free resolution D · of F ∨ and dualize this we get a complex
To obtain even nicer classes of coherent sheaves, we can consider the subcategory Sh * a of Sh a consisting of F such that there exist r > 0 with Ext i (F, ω P n−1 ) zero except possibly when i is 0 or r.
Simplicial complexes via the BGG-correspondence
Given a simplicial complex ∆ over [n], recall from (1) the module C ∆ over E(V ). Using the BGG-correspondence, we may form the complexL(C ∆ ) of coherent sheaves on P n−1 . Of interest then is the cohomology sheaves of L(C ∆ ). The following basic result was established in [9] . b) The cohomology sheaf F is a locally Cohen-Macaulay sheaf if and only if ∆ is both Leray and Cohen-Macaulay. Notation 3.2. We write L(∆) for L(C ∆ ). In case ∆ is Leray we simply write S(∆) for H −cL (∆). If ∆ is both Leray and Cohen-Macaulay we call ∆ bi-Cohen-Macaulay.
We shall now establish a more general result, namely determine for any ∆ which cohomology sheaves ofL(∆) are non-zero. We first establish some other results.
Proof. H −p L(∆) is graded by Z n+1 . By [5, Exc. 35 ] an associated prime is also graded by Z n+1 . But the only such prime ideals are of the above form.
3.1. Local ranks. The following proposition and corollary is due to T. Ekedahl. Let v = λ i e i be a linear form in E(V ). It can also be considered as a point in P n−1 . We call the set R = {i | λ i = 0} the support of v.
Therefore 
Example 3.6. Assuming ∆ Leray (for instance a forest when ∆ has dimension one), we can compute the rank of S(∆) at a point v with support R as follows. (We use lower case letters to denote the dimension of a cohomology group.)
3.2.
Vanishing and support of cohomology sheaves. The following now gives a criterion for which cohomology sheaves H −pL (∆) are zero, and if not, what their support are. If R is a subset of [n], let lR be the linear span in P n−1 of the e i where i is in R.
b) The support of H −pL (∆) is the union of all maximal linear subspaces lR such that H p−1 (∆ R ) is non-zero. In this case the rank of H −pL (∆) at lR is the dimension of H p−1 (∆ R ).
Proof. Let H ∪ {w} be a partition of [n] . From the sequence
there is an exact sequence
giving us a long exact sequence
Note that C ∆ H and C lk ∆ {w} both become modules over E(V ) by restricting via the map E(V ) → E(V H ). Therefore
where L H is the functor associated to the exterior algebra E(V H ). Corresponding relation holds for L(lk ∆ {w}). If we now restrict
L H applied to the restriction of (7), by Subsection 2.1. Therefore (8) splits when tensored with − ⊗ S S(W H ) and so δ ⊗ S S(W H ) is zero. From Corollary 3.5 a) we know that b) holds if the support of H −pL (∆) is the whole of P n−1 . Assume therefore that lR, maximal in the support, is not the whole of P n−1 . For leanness of notation let in the following F = H −p L(∆) and F H = H −p L H (∆ H ).
Let P = (x i ) i∈R c be the prime ideal corresponding to the linear subspace lR. Let us first recall precisely what we mean by the rank of H −pL (∆) on lR. Let F (P ) be the (homogeneous) localization. Then F (P ) /P · F (P ) is a vector space over the function field k(lR) = S (P ) /P · S (P ) and the rank is the dimension of this vector space.
There is an exact sequence
We assume x w is in P and let Γ P F be the submodule of F consisting of those elements which are annihilated by some power of P , the submodule with support on lR. We get a sequence
By induction the dimension of H p−1 (∆ R ) is equal to the rank of F H on lR and this rank is equal to the rank of im i and then F on lR.
Multigraded Hilbert functions.
We now give interpretations of the homology groups H p−1 (∆ R ) for subsets R of [n], and shall draw some consequences.
Since C ∆ is Z n+1 -graded, L(∆) is also a Z n+1 -graded complex, and its differential is homogeneous for this multigrading. For d in Z n+1 let L(∆) d be the subcomplex of degree d. For a subset R of [n] let χ R : R → {0, 1} be its characteristic function, meaning that χ R (i) = 1 if i is in R and zero otherwise. Let δ(R) be (χ R (1), . . . , χ R (n)) which is in Z n+1 . A multidegree d of this type is said to be of characeristic type.
given by
We verify easily that this is an isomorphism and commutes with the differentials in C ∆ R and L(∆) δ(R) . This gives a) and b).
Proof. Observe first the following. Let F = ⊕Su d where each multigrade d is of characteristic type. If M is a multigraded module and K is the kernel of a map F → M then all minimal generators of K have multidegrees of characteristic type.
Since all minimal generators of L −p (∆) are of characteristic type and H −p L(∆) is a subquotient, the same is true for this cohomology module. Then the same must hold for F 0 and then further on for the F i 's. 
Then the minimal generators of F 0 have degrees ≥ p + 1 and those of F r will have degrees ≥ p + 1 + r. But all generators of F r are of characteristic type and so have degrees ≤ n, so r ≤ n − 1 − p. If we sheafify (11) we get an exact sequence
where K 0 is the kernel. We must show that H 1 (P n−1 , K 0 (m)) is zero. But this follows easily by splitting (11) into short exact sequences and using the vanishing of H q (P n−1 , F i (m)) for 0 < q < n − 1.
b) This is because each (F i ) δ(R) ·m −→ (F i ) d is an isomorphism.
Hierarchies of Leray complexes
By considering the hierarchies of coherent sheaves Sh a and Sh * a we obtain hierarchies of simplicial complexes within the class of Leray complexes. We let L a , respectively L * a be the classes of Leray simplicial complexes ∆ such that S(∆) is in Sh a , respectively Sh * a . We first seek to find criteria for ∆ to be in such a class. 
In this case every facet has dimension c − 1 or d − 1.
Proof. a) That ∆ is in L a means that Ext i (S(∆), ω P n−1 ) has codimension ≥ i + a for all i ≥ 1. By (5) this sheaf is the cohomology sheaf
Now there is an exact sequence
and so we get Ext i (S(∆), ω P n−1 ) equal to H c+i−n+1L (∆ * ). That this is a sheaf with support in codimension ≥ i + a means that b) For S(∆) to be in L * a , there is some r such that Ext i (S(∆), ω P n−1 ) is zero except possibly when i is 0 or r, and in the latter case it has codimension ≥ r + a. By the argument in a) this means that Now larger a's correspond to more restricted classes of simplicial complexes. What is the largest a we can have and still have an interesting class? This is answered by the following. b) Suppose ∆ is in L c . Let F and G be two distinct facets such that the cardinality of S = F ∩ G is maximal. Now we claim that lk ∆ S is disconnected. Suppose not and let F = F 1 ∪ S and G = G 1 ∪ S where F 1 ∩ G 1 is empty. Then there would be a path from some f 1 in F 1 to some g 1 in G 1 in lk ∆ S. Say the path starts with {f 1 , x} wher x is not in F 1 . Then H = S ∪ {f 1 , x} is a face of ∆, H is not contained in F and F ∩ H has cardinality larger than S which goes against our assumptions. Hence H 0 (lk ∆ S) is non-zero. By Theorem 4.1 a) we get that s < c.
In the other direction, given that distinct facets always intersect in cardinality < c, we see that lk ∆ S when s ≥ c is always a simplex and hence
This means that no maximal facet S has dimension in the range from c to d − 2. e) The dimension of lk ∆ {x} is d ′ − 1 < d − 1. Since we have verified b) we must show in addition
This is immediate from the condition that ∆ is in L * a .
Remark 4.7. Looking at the statement in Theorem 4.1 a) we see that the condition gives meaning even if a is negative. Hence we may for any integer a define the class L a as those ∆ such that H p (lk ∆ S) is zero for p = c − a and s ≥ a or equivalently (see the proof of the theorem) for p + s ≥ c and p ≥ c − a. When a ≤ 0 this reduces to the single range p ≥ c − a.
If a ≤ 0 then L a is the class of complexes which are (c − a)-Leray, by an argument analogous to that of Proposition 1.9. By Theorem 3.7 it is also the class of simplicial complexes ∆ such that the cohomology sheaves H −pL (∆) may be non-zero only for p in the range c, . . . , c − a.
With this extended definition of the class L a statements a) and b) of the above proposition and their proofs will hold for any integer a.
4.4. Nice families. By Remark 4.5 the elements ∆ of L * c which fulfill the cut condition correspond exactly to the Steiner systems S(c, d, n) and so it is an easy consequence that the f -vector of such ∆ only depends on n, d and c. On the other hand if ∆ is in L * 0 and fulfills the cut condition, i.e. H c−1 (∆) = 0, this means that Ext i (S(∆), ω P n−1 ) is non-zero only for i = d − c and so S(∆) is a locally Cohen-Macaulay sheaf. By [9] such ∆ are bi-Cohen-Macaulay, i.e. both ∆ and ∆ * are Cohen-Macaulay and we showed that the f -vector of such ∆ again only depends on n, d and c.
In fact we showed that the f -polynomial f
Our next objective is to show that this observation can be generalized as follows.
Theorem 4.8. Suppose ∆ has invariants n, d and c ≥ a, is in L * a and fulfills the cut condition. Then f ∆ (t) is a polynomial f a (n, d, c; t) depending only on a, n, d, and c, and is given inductively as follows.
Proof. We may assume a ≥ 1. If ∆ is in L * a and fulfills the cut condition then lk ∆ {x} is in L * a−1 , fulfills the cut condition and has invariants n − 1, d − 1 and c − 1. (The case for the dimension follows by Remark 4.5.) Assume first that c ≥ 2. By induction the f -polynomial of lk ∆ {x} is
and is independent of x. Now if F is any i-dimensional face of ∆, then F \{x} is an i − 1-dimensional face of lk ∆ {x} for all x in F . Therefore ng i−1 counts all pairs (F, x) where x is in F . But this is also equal to to f i (i + 1) and so
In case c = 1 then a = 1 and ∆ is a disjoint union of n/d simplexes of dimension d − 1 and so f ∆ (t) = (n/d)(1 + t) d + 1 − n/d and so 1) also holds in this case since Proof. For short write E for Ext d−c (S(∆), ω P n−1 ). The sequence
gives an exact sequence
Hence by (4) and (5) ,L(∆ * ) only has possibly non-zero cohomology sheaves E in degree c + (d − c) − n + 1 which is −c * , and H −d * L (∆ * ) in degree −d * . In Subsection 5.3 it is worked out what the cut condition for ∆ means for ∆ * and by its last remarks H −d * L(∆ * ) has a free resolution of length ≤ a − 1.
Hence E has a locally free resolution of length ≤ d * − c * + a which is equal to d − c + a. By the Auslander-Buchsbaum theorem [5, Thm. 19.9] , E then has local depth ≥ (n − 1) − (d − c + a). But ∆ being in L a this sheaf has local dimension ≤ (n − 1) − (d − c + a). Since local dimension is greater or equal to local depth we must have equalities everywhere and so E is locally Cohen-Macaulay.
Hierarchies of Cohen-Macaulay simplicial complexes
The Alexander dual of the simplicial complexes ∆ in L = L 0 is the class of Cohen-Macaulay simplicial complexes CM. By considering the classes L a and L * a and taking Alexander duals of the simplicial complexes in these classes we obtain classes CM a and CM * a . This section contains the dual versions of several of the statements in the previous section. But we shall also give a description of what it means for a simplicial complex ∆ to be Gorenstein* in terms of the associated coherent sheaf S(∆ * ). We prove that ∆ is Gorenstein* iff S(∆ * ) is an ideal sheaf, i.e. a subsheaf of O P n−1 . In fact it turns out to be the associated sheaf of the ideal defining the Stanley-Reisner ring of ∆ * .
5.1.
Hierarchies of Cohen-Macaulay complexes.
Proof. That ∆ * is in L a means Since n − 1 − c * = d we get the statement in a). In case b) ∆ * is in L * a and so H p ((∆ * ) S −S ) is zero for (18)
The condition that H p ((∆ * ) S −S ) is zero is equivalent to H n−s−p−3 (∆ −S ) being zero and (18) and (19) translate respectively to
giving b).
is non-zero for some r, s in the range above. By increasing R to R ′ (and so reducing [n]\R), we get
So at some stage p ′ + r ′ is between d − 2 and d + a − 2. Then reduce S ′ to ∅ and get Hp(∆ −R ) non-zero wherep +r is p ′ + r ′ and this is d + a ′ − 2 where 0 ≤ a ′ ≤ a. But this is impossible since ∆ in L a implies ∆ in L a ′ . Proof. ∆ is in CM a iff H −1 (∆ −R ) is zero for r = a + 1 and H 0 (∆ −R ) is zero for r = a. This translates precisely to the above.
The following describes the simplicial complexes in CM a with extremal values for d. Recall that a subset F of [n] is a missing face of ∆ if F is not in ∆. Also F is a minimal missing face if F \{x} is in ∆ for all x in F . Proposition 5.4. a) If d ≥ n − a, then ∆ is in CM a iff ∆ is the d − 1skeleton of the n − 1-simplex.
b) If d = n − a − 1 then ∆ is in CM a iff the cardinality of F ∪ G is ≥ d + 2 for all distinct missing faces F and G. c) If d = n − a − 1 then ∆ is in CM * a iff in addition to b), every minimal missing face has dimension c or d.
Proof. ∆ is in CM a iff ∆ * is in L a . Now c * = n − d − 1. In case a) we apply Corollary 4.2 a). Since c * ≤ a − 1 the above a) follows.
In cases b) and c) we get c * = a. If F and G are two distinct missing faces then the complements F c and G c are faces of ∆ * and the condition that ∆ * is in L a is that the cardinality of F c ∩ G c is ≤ c * − 1. But this means that the cardinality of F ∪ G is ≥ n − c * + 1 and this is d + 2.
Also ∆ * in L * a means that its facets have cardinality d * or c * which translates to the minimal missing faces of ∆ having cardinality n−d * or n−c * .
5.2.
Links and restrictions. Now if ∆ is a Cohen-Macaulay simplicial complex then the links lk ∆ {x} are also Cohen-Macaulay. The following generalizes this. Remark 5.6. We may also define CM a for negative a as the class of Alexander duals of simplicial complexes in L a (see Remark 4.7). Then for any Since S(∆ * ) is torsion free S(∆ * ) ֒→ S(∆ * ) ∨∨ = Hom(ω P n−1 , ω P n−1 ) = O P n−1 .
Taking graded global sections S(∆ * ) = ⊕ m∈Z Γ(P n−1 , S(∆ * )(m)) ֒→ ⊕ m∈Z Γ(P n−1 , O P n−1 (m)) = S we get S(∆ * ) as an ideal in S.
If c = 0, let R consist of the x such that {x} is a face in ∆. Let r be the cardinality of R. In this case H −dL (∆) is O P n−1 (−r). Hence S(∆ * ) ∨∨ is O P n−1 (r − n). By the inclusion O P n−1 (r − n)
we also get S(∆ * ) as an ideal sheaf in O P n−1 and taking graded global sections we get S(∆ * ) as an ideal in S. Now the latter complex is
where the cohomological degree of the first term is d − n. Taking the long exact cohomology sequence of (20) we get that the only cohomology of (21) is in cohomological degree d − n and is H d−n+1 L(∆ * ) = H −c * L(∆ * ) = S(∆ * ).
